Let A and B be very ample line bundles on a projective toric variety. Then, it is proved that the multiplication map Γ(A) ⊗ Γ(B) → Γ(A ⊗ B) of global sections of the two bundles is surjective. As a consequence, it is showed that any very ample line bundle on a projective toric variety is normally generated. As an application we show that any ample line bundle on a toric Calabi-Yau hypersurface is normally generated.
Introduction.
It is known that any ample line bundle on a projective nonsingular toric variety is very ample (cf. Corollary 2.15 [14] ). Sturmfels [16] asked whether any projective nonsingular toric varieties embedded by normally generated ample line bundles are defined by only quadrics (see also Cox [1] ). Here following Mumford [11] ones says that an ample line bundleL on a projective variety is normally generated if the multiplication map Γ(L) ⊗i → Γ(L ⊗i ) is surjective for all i ≥ 1. If an ample line bundle L is normally generated, then we can easily see that L is very ample. Furthermore, if the variety X is normal, then a normally generated ample line bundle L defines the embedding Φ L : X → P(Γ(L)) of X as a projectively normal variety. Before giving any answer to the question of Sturmfels we may ask whether any ample line bundle on a nonsingular toric variety is normally generated. In this paper we shall give an affirmative answer.
Historically Ewald and Wessels [3] showed that for an ample line bundle L on a projective toric variety of dimension n, the twisted bundle L ⊗i is very ample for i ≥ n − 1. Koelman [7] showed that an ample line bundle L on a projective toric surface is always normally generated. Nakagawa [12] proved that L ⊗i is normally generated for i ≥ n−1 (see also Theorem 1 [13] ). Ogata [15] showed that a very ample line bundle on a weighted projective 3-space is normally generated.
In this paper we shall prove the following theorem (Proposition 3 in Section 4). is surjective.
In particular, any very ample line bundle on a projective toric variety is normally generated.
We may consider this is a generalization to higher dimensions of the following result.
Theorem 2 (Fakhruddin[4] ,Kondo-Ogata [8] ) Let X be a projective toric surface. Then, for an ample line bundle A and a nef line bundle B on X, the multiplication map
is surjective.
Fakhruddin proved the case when X is nonsingular, and Kondo and Ogata proved the general case. We can also give another proof of Theorem 2 by using Proposition 2 in Section 3.
Since any ample line bundles on nonsingular toric varieties are very ample, we have tha following corollary (Corollary 3.2 in Section 3).
Corollary 1 Ample line bundles on nonsingular projective toric varieties are normally generated.
As we shall mention in Section 1, a pair of a projective toric variety X of dimension n and an ample line bundle L on X is corresponding to an integral convex polytope P of dimension n, that is, P is the convex hull of a finite subset of Z n . The condition for L to be normally generated is interpreted in terms of P as the equalities
In other words, for all integers l, every lattice point x in lP is written as a sum
The condition for L to be very ample is interpreted in terms of P as the condition that for each vertex u of P the semigroup R ≥0 (P − u) ∩ (Z n ) in the cone R ≥0 (P − u) := {rx ∈ R n ; x ∈ P − u and r ≥ 0} is generated by (P − u) ∩ (Z n ). In other words, for all vertices u of P and all integers l every lattice point x in l(P − u) is represented as a finite sum of elements y 1 , . . . , y s in (P − u) ∩ (Z n ). We note that the number s of elements {y i } in (P − u) ∩ (Z n ) needed for writing x as their sum may be different from l such that x lies in l(P − u).
From the point of view of convex polytopes, these two notions look very different. Theorem says that these two notions are equivalent for integral convex polytopes.
As an application, we consider an ample line bundle on a toric CalabiYau hypersurface. A nonsingular toric variety X is called Fano if the anticanonical divisor −K X is ample, and a nonsingular member Y ∈ | − K X | is called toric Calabi-Yau hypersurface.
Theorem 3 An ample line bundle on a toric Calabi-Yau hypersurface of dimension higher than two is normally generated.
This is given in Section 5.
Projective toric varieties.
In this section we mention the fact about toric varieties needed in this paper following Oda's book [14] , or Fulton's book [5] . For simplicity, we consider toric varities are defined over the complex number field.
Let N be a free Z-module of rank n, M its dual and , : M × N → Z the canonical pairing. By scalar extension to the field R of real numbers, we have real vector spaces N R := N ⊗ Z R and
n be the algebraic torus over the field C of complex numbers, where C * is the multiplicative group of C. Then M = Hom gr (T N , C * ) is the character group of T N . For m ∈ M we denote e(m) as the character of T N . Let ∆ be a complete finite fan in N consisting of strongly convex rational polyhedral cones σ in N R , that is, with a finite number of elements
in N R and it satisfies that σ ∩ {−σ} = {0}. Then we have a complete toric variety X = T N emb(∆) := ∪ σ∈∆ U σ of dimension n (see Section 1.2 [14] , or Section 1.4 [5] ). Here U σ = Spec C[σ ∨ ∩ M] and σ ∨ is the dual cone of σ with respect of the pairing , . For the origin {0}, the affine open set U {0} = Spec C[M] is the unique dense T N -orbit. We note that a toric variety is always normal.
Denote by ∆(r) := {σ ∈ ∆ : dim σ = r} the set of all cones in ∆ of dimension r. Then ∆(1) corresponds to the set of all T N -invariant irreducible divisors so that for a ρ ∈ ∆(1) the closure
With this notation we have
where e(m) are considered as rational functions on X because they are functions on an open dense subset T N of X (see Section 2.2 [14] , or Section 3.5 [5] ). The m-th multiple mD corresponds to the convex polytope
is generated by its global sections, then P D is an integral polytope, that is, it is the convex hull of a finite subset of M.
is called nonsingular if {v 1 , . . . , v n } is a Z-basis of N. Set ∆ * to be a fan of N consisting of all faces of cones τ i . Then the toric variety
In particular, each morphism
is a birational T N -equivariant morphism of affine toric varieties, which is induced by the injective ring homomorphism
In this article we assume that L = O X (D) is very ample, that is, there is an embedding of X by the global sections of L:
Remark We can interpret the condition for L to be very ample in terms of the integral convex polytope P corresponding to (X, L) as the condition that for each vertex u of P the semigroup (R ≥0 (P − u)) ∩ M is generated by (P − u) ∩ M. In other words, for all integer l, every lattice point x in l(P − u) is written as a sum u 1 + · · · + u r of u i ∈ (P − u) ∩ M. We note that the number r may be bigger than l.
Since for a nonsingular cone σ ∈ ∆(n) the semigroup σ ∨ ∩ M is generated by a basis of M, any ample line bundle on a nonsingular toric variety is very ample.
Definition A line bundleL on a projective variety X is called normally generated if the multiplication map Sym
Remark If X is toric and if (X, L) corresponds with an integral convex polytope P in M R satisfying (1), then the normal generation of L is equivalent to the condition that for all l ≥ 1 every element v ∈ lP ∩ M be written as a sum v = u 1 + · · · + u l of l lattice points u i ∈ P ∩ M, in other words, the condition that
Take a vertex u 0 of P , and let {u 0 , u 1 , . . . , u t } = P ∩ M be the lattice points in P . Let z i be the homogeneous coordinates of Z ∼ = P t . Then the morphism Φ : X → Z is defined by z i = e(u i ). Set σ ∨ = R ≥0 (P −u 0 ) for some n-dimensional cone σ ∈ ∆. Consider the affine part of Φ. Let U 0 := {z 0 = 0} ∼ = C t be the affine open set and x i = z i /z 0 the affine coordinates. Set 2 Construction of another embedding.
In the previous section we recall the structure of Z ∼ = P t as a toric variety TÑ emb(∆ 1 ). Z is a torus embedding of the algebrai torusT = Spec
Zf * i is a free Z-module with the surjective Z-linear map π :M → M defined by π(f * i ) = u i − u 0 . In this section we shall construct another embedding of the subtorus T N ofT in P t . For a cone σ ∈ ∆ of dimension n with σ ∨ = R ≥0 (P − u 0 ), we take a decomposition of σ into a union of nonsingular cones. We fix such a nonsingular cone τ ⊂ σ with an expression as in (2):
Here {v 1 , . . . , v n } is a Z-basis of N. We may assume that the face ρ = R ≥0 v 1 of τ is also a face of σ. Then the affine toric varieties
and V σ (ρ), respectively, corresponding to the same face ρ of τ and σ, and their birational morphism µ :
Let K be the kernel of π. If we choose a splitting of π, then we haveM ∼ = K ⊕ M. Hence we choose a Z-basis {g * 1 , . . . , g * t } ofM so that π(g * i ) = v * i − u 0 for i = 1, . . . , n and that K = ⊕ t j=n+1 Zg * j . Here {v * 1 − u 0 , . . . , w * n − u 0 } is the dual basis for a basis {v 1 , . . . , v n } of N. Let {g 1 , . . . , g t } be the dual basis for {g * 1 , . . . , g * t }. Then {g 1 , . . . , g n } is a basis of N. Set g 0 := − t i=1 . We make a finite complete fan∆ 2 ofÑ consisting of all faces of cones
for j = 0, 1, . . . , t. Thus we obtain a toric variety Z ′ := TÑ emb(∆ 2 ) ∼ = P t .
Let y i (i = 1, . . . , t) be the inhomogeneous coordinates of U
. Let w i (i = 0, 1, . . . , t) be the homogeneous coordinates of
We note that the hyperplane F ′ j meets properly withT -invariant hyperplanes in Z ′ .
Since two varieties Z and Z ′ contain the same algebraic torusT , we have a rational map λ from Z ′ to Z with λ(T ) =T and λ(Y ∩ U ′ 0 ) ⊂ Φ(X). Next we consider an elimination of points of indeterminacy for the birational map λ.
Let∆ * be a fan inÑ constructed by a refinement of∆ 1 ∪∆ 2 . Set Z := TÑ emb(∆ * ). Then we have a commutative diagram
We may assume that ψ is a composition of blowing-ups alongT -invariant subvarieties of codimension two by employing the following proposition (see, also, p.39 [14] ). LetX denote the strict transform of X ′ under the composition of blowingups ψ :Z → Z ′ . Then we have ϕ(X) = X and ψ(X) = X ′ . We also see that ψ|X :X → X ′ is a composition of T N -equivariant blowing-ups and that ϕ|X :X → X is T N -equivariant. Let F j denote the strict transform of F 3 Proof of Theorem, Part I.
In this section we show the surjectivity of the restriction map
From Lemma 2 we have
In order to prove Proposition 2, it is enough to show the vanishing of the cohomology
). Since F j is the closure of subtorus ofT with codimension one, ϕ(F j ) is an irreducible hypersurface in Z. We note that F j and the intersections F j 1 ∩ · · · ∩ F jr are toric varieties from Theorem 1.5 [14] . Set d j the degree of O Z (ϕ(F j )). Then we have d j ≥ 2 and X ⊂ ϕ(F j ). By assumption, we have d n+1 = 2.
Lemma 3 In the above situation we have
In particular, we have
Proof. The hypersurface ϕ(F n+1 ) contains a subtorus ofT with codimension one, which is determined by a sublattice {m} ⊥ ⊂Ñ withm ∈M . Since {f * 1 , . . . , f * t } is a basis, we can write as tildem = i a i f * i . We may write as the difference of linear combinations with positive coefficients:m
where I(+) = {i; a i > 0}, I(−) = {j; a j < 0} and b j = −a j for j ∈ I(−).
Thism defines the function
By homogenizing h we obtain a binomial (a differece of two monomials) defining ϕ(F n+1 ). Since d n+1 = 2, we see that ϕ(F n+1 ) is normal. Hence we have the equalities (5) by a similar argument of Lemma 2.
Since
It is enough to show that
Consider an exact sequence
We note that the intersection F j 1 ∩F j 2 is also a toric variety. Since the higher cohomologies of a globally generated line bundle on a toric variety vanish, by tensoring (6) with ϕ * O Z (l) we see
By induction on the number of components in D, we obtain a proof.
Lemma 5
In the above situation we have
Proof. Lemma 3 shows the case when t = n + 1. Set t ≥ n + 2. We note that
Since OZ(−F n+1 ) is locally principal and since ϕ * OZ = O Z , we have
from Lemma 3. Thus we have
This vanishes from Lemma 4.
Proof of Proposition 2. Applying Lemma 5 to the exact sequence
after tensoring with ϕ * O Z (2), we have
4 Proof of Theorem, Part II.
In this section we give a proof of the Theorem by using Proposition 2.
Proposition 3 Let A and B be very ample line bundles on a projective toric variety X of dimension n. Then the multiplication map
Proof. Recall that X contains the algebraic torus T N andM ∼ = Z n is the group of all characters of T N . Line bundles A and B correspond to the integral convex polytopes P A and P B inM R , respectively. Set M :=M ⊕ Z the free abelian group of rank n + 1.
Set G 0 := P A × {0} and G 1 := P B × {1}. And let P be the convex hull of
We note that L is very ample. We have an embedding Φ : 
Since (2P ) ∩ (M R × {1}) = G 0 + G 1 , the equality (7) implies that
From Corollary 2.15 in [14] , an ample line bundle is very ample on a nonsingular toric variety. Thus we have the following. 
